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We address the study of quantum metrology enhanced by indefinite causal order, demonstrating
a quadratic advantage in the estimation of the product of two average displacements in a continuous
variable system. We prove that no setup where the displacements are used in a fixed order can have
root-mean-square error vanishing faster than the Heisenberg limit 1/N , where N is the number of
displacements contributing to the average. In stark contrast, we show that a setup that probes the
displacements in a superposition of two alternative orders yields a root-mean-square error vanishing
with super-Heisenberg scaling 1/N2. This result opens up the study of new measurement setups
where quantum processes are probed in an indefinite order, and suggests enhanced tests of the
canonical commutation relations, with potential applications to quantum gravity.
The traditional formulation of quantum mechanics as-
sumes that the order of physical processes is well-defined.
Recently, a number of works started exploring new sce-
narios where the causal order is indefinite [1–6]. This ex-
tension is motivated by ideas in quantum gravity, where
the order of events in spacetime could be subject to quan-
tum indefiniteness [7, 8], and has potential applications in
quantum information, where advantages have been found
in channel discrimination tasks [9, 10], non-local games
[2, 5], and communication complexity [11].
A paradigmatic example of process with indefinite
causal order is the quantum SWITCH [1, 4], a gadget
that combines two input gates in a quantum superposi-
tion of two alternative orders. When applied to two uni-
tary gates U1 and U2, the quantum SWITCH generates
the controlled unitary gate
S (U1, U2) := |0〉〈0| ⊗ U2U1 + |1〉〈1| ⊗ U1U2 (1)
by querying each of the two gates {U1, U2} only once.
The first register on the right hand side of Eq. (1) serves
as a control of the order. When put in a coherent super-
position of the states |0〉 and |1〉, it induces a coherent su-
perposition of the two alternative orders U1U2 and U2U1.
The quantum SWITCH has been shown to offer a number
of information-processing advantages [9–11] and has in-
spired experiments in quantum optics [12–16], where the
superposition of orders is reproduced by sending photons
on a superposition of alternative paths [17]. Recently, it
has stimulated an extension of Shannon theory to sce-
narios where the order of the communication channels is
in a quantum superposition [18–20].
In this work, we show that the quantum SWITCH can
boost the precision of quantum metrology, beating the
limits associated to conventional schemes where processes
are probed in a definite order. To illustrate this phe-
nomenon, we consider a situation where an experimenter
has access to 2N black boxes, with the promise that the
first N boxes perform displacements generated by a given
quadrature X, and the second N boxes perform displace-
ments in the conjugate quadrature P . Displacements
performed by different boxes are independent, and the
task is to measure the product of the average displace-
ment in X and the average displacement in P .
When the black boxes are used in a fixed order, we
prove that the root mean square error (RMSE) cannot
vanish faster than 1/N , where f(E) is a function of the
energy of the input states used to probe the black boxes.
The scaling 1/N is consistent with the Heisenberg limit of
quantum metrology [21], applied to the estimation of the
two average displacements in X and P . Furthermore, we
show that the scaling 1/N2 is optimal among all setups
with indefinite causal order. Our result demonstrates
that a setup that probes a sequence of processes in a
coherent superposition of alternative orders can extract
more information than any setup where the order of the
processes is fixed.
Our scenario can be described as follows. An experi-
menter has access to 2N black boxes, each implementing
either an x-displacement operation Dxj = e
−ixjP or a
p-displacement operation Dpk = e
ipkX (j, k = 1, . . . , N),
where X and P are the conjugate variables X := (a +
a†)/
√
2 and P := i(a† − a)/√2, and a and a† satisfy
the canonical commutation relation [a, a†] = I. The dis-
placements {xj} and {pk} are unknown, and vary inde-
pendently within the range [xmin, xmax] and [pmin, pmax],
respectively. The task is to estimate the productA := x·p
between the average x-displacement x :=
∑N
j=1 xj/N
and the average p-displacement p :=
∑N
j=1 pj/N , by
querying each black box only once in every run of the
experiment.
The simplest way to estimate the product is to measure
each displacement independently, as illustrated in Figure
1(i). A bound on the RMSE follows immediately from
the quantum Crame´r-Rao bound [22–24], which can be
applied to the estimation of a displacement z, yielding
the lower bound ∆z ≥ 1/√8νE, where E := 〈ψ|(X2 +
P 2)|ψ〉/2 is the average energy of the probe state, and
ν is the number of repetitions of the experiment. Once
the values of all displacements (xi)
N
i=1 and (pj)
N
j=1 have
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2FIG. 1. Two causally ordered schemes. (i) Paral-
lel scheme with measurements of individual displacements.
2N independent probes, each with average energy bounded
by E, are used to estimate the 2N displacements (xi)
N
i=1
and (pj)
N
j=1. The average displacements x =
∑
i xi/N and
p =
∑
j pj/N , and their product A = x p are then computed
by classical post-processing. The RMSE of the scheme has
the standard quantum limit scaling 1/
√
N . (ii) Sequential
scheme with independent x and p measurements. The aver-
age displacements x and p are measured directly by apply-
ing the total x-displacement Dx1Dx2 · · ·DxN and the total
p-displacement Dp1Dp2 · · ·DpN to two independent probes,
each with average energy bounded by E. The product A = x p
is then computed by classical post-processing. The RMSE of
this scheme has the Heisenberg scaling 1/N .
been estimated, the averages x and p and their product
A = x p are computed by classical post-processing. The
error in the estimation of individual displacements then
propagates to the estimation of the product, yielding an
overall scaling as 1/
√
νN , corresponding to the so-called
standard quantum limit [21].
A better scaling can be obtained if, instead of mea-
suring each displacement separately, one directly mea-
sures the two average displacements x and p, by apply-
ing the total x-displacement DNx = Dx1Dx2 · · ·DxN and
the total p-displacement DNp = Dp1Dp2 · · ·DpN to two
independent probes, each of average energy E, as in Fig-
ure 1(ii). In this case, the Crame´r-Rao bound implies
that the RMSE for each average displacement is lower
bounded by 1/(N
√
8νE), and therefore error propaga-
tion gives the RMSE scaling as 1/(
√
νN) for the esti-
mation of the product. The 1/N scaling corresponds to
the Heisenberg limit for the estimation of the average
displacements x and p [21]. Later in the paper we will
prove that the scaling 1/N is optimal among all experi-
mental schemes where the given black boxes are used in
a definite order, and a finite amount of energy is injected
in the probes.
We now show that a setup using the quantum
SWITCH can achieve the super-Heisenberg scaling 1/N2.
The setup creates a coherent superposition of us-
ing all the x-displacements first and then all the p-
displacements, or vice-versa, as in Figure 2(i). The pro-
cess experienced by the probe is a unitary with a qubit
control
W = |0〉〈0| ⊗
N∏
j=1
Dpj
N∏
j=1
Dxj + |1〉〈1| ⊗
N∏
j=1
Dxj
N∏
j=1
Dpj .
(2)
FIG. 2. Definite vs indefinite order in a quantum
metrology setup. (i) Estimation scheme using the quantum
SWITCH. The total x-displacements Dx1Dx2 · · ·DxN and p-
displacements Dp1Dp2 · · ·DpN act in a coherent superposition
of two alternative orders, controlled by the state of a control
qubit. If the control is prepared in the state |0〉 (|1〉), the
probe will experience the displacements in the order corre-
sponding to the blue (orange) path. By preparing the probe
in the minimum-energy state |0〉 and the control qubit in the
state |+〉, this scheme achieves the super-Heisenberg scaling
1/N2 of the RMSE. (ii) Generic causally-ordered scheme. A
probe and an auxiliary system are prepared in a generic state,
with average energy of the probe bounded by E. Then, the
probe undergoes a sequence of displacements, arranged in a
fixed order (z1, . . . , z2N ), where (z1, . . . , z2N ) is an arbitrary
permutation of the sequence (x1, . . . , xN , p1, . . . , pN ). Each
displacement operation zi is followed by a unitary gate Vi,
acting jointly on the probe and the auxiliary system. Finally,
a joint measurement is performed on the probe and the auxil-
iary system. Every estimation scheme of this form, including
the schemes in Figures 1(i) and 1(ii), must have RMSE van-
ishing no faster than 1/N .
Our scheme for estimating A is illustrated in Figure
2(i). It consists of the following steps:
1. Prepare the control of the quantum SWITCH in
the state |+〉 := (|0〉+ |1〉)/√2.
2. Prepare the probe in an arbitrary state |ψ〉, such
as e.g. the minimum-energy state |0〉.
3. Apply the gate W to the input state |+〉 ⊗ |ψ〉.
4. Measure the control using the projective measure-
ment {|+〉〈+|, |−〉〈−|} with |−〉 := (|0〉 − |1〉)/√2.
5. Repeat the above procedure for ν rounds
and output the maximum likelihood estimate
Aˆ := arg maxA log p(m1, . . . ,mν |A), where mj ∈
3{+,−} is the j-th measurement outcome, and
p(m1, . . . ,mν |A) is the probability of obtaining the
measurement outcomes {m1, . . . ,mν} conditioned
on the parameter being A.
Using the Weyl relation eipXe−ixP = eixpIe−ixP eipX ,
the output unitary of the SWITCH [Eq. (2)] can be cast
into the product form
W =
(
|0〉〈0|+ eiN2A|1〉〈1|
)
⊗
 N∏
j=1
Dpj
N∏
j=1
Dxj
 . (3)
Then, one can immediately see that the final state of the
control qubit is (|0〉+ eiN2A|1〉)/√2, and the probability
of getting the outcome ± is p(±|A) = (1± cos(N2A))/2.
Since our estimator is unbiased, its RMSE satisfies the
Crame´r-Rao bound [25–27]
∆Aswitch ≥ 1√
νFA
(4)
where FA is the Fisher information of the parameter A,
given by
FA :=
∑
m∈{+,−}
p(m|A)
[
∂ ln p(m|A)
∂A
]2
= N4 . (5)
The Crame´r-Rao bound (4) is achievable in the large ν
limit, and we have the asymptotic equality
∆Aswitch =
1√
νN2
. (6)
Hence, the estimation scheme based on the quantum
SWITCH achieves the super-Heisenberg scaling 1/N2 in
terms of the number of displacements contributing to the
the average. Notice that the 1/N2 scaling is independent
of the energy of the probe, meaning that the quantum
SWITCH allows one to extract precise information even
in the low-energy regime.
Our estimation scheme provides an accurate estimate
for small values of the parameter A, i.e. values not ex-
ceeding the period of the functions p(+|A) and p(−|A).
More generally, our estimation scheme can be seen as a
way to estimate the total phase φ :=
∑
i,j xipj mod 2pi
with RMSE ∆φswitch = 1/
√
ν. This scaling cannot be
achieved with the causally ordered estimation scheme of
Figure 1(ii), because the total displacements in x and p
grow as N , and therefore error propagation implies that
RMSE of their product grows as N , thus making the es-
timation of the phase φ unreliable whenever N is large
compared to 2pi. More generally, we will see that no
causally ordered scheme can achieve the RMSE scaling
∆φ = 1/
√
ν.
The above estimation scheme is reminiscent of the
quantum phase estimation algorithm [28], which deals
with the task of estimating a parameter A given multi-
ple uses of a unitary U as well as a state |ψ〉 such that
U |ψ〉 = e−iA|ψ〉. In both our scheme and the quan-
tum phase estimation algorithm, information on the un-
known parameter flows from the original system to a
worksheet via a controlled version of the unitary gate
U . Note that our scheme does not involve any measure-
ment on the probe, but only measurements on the con-
trol. The scheme can be further improved by measuring
the probe with a heterodyne measurement, whose mea-
surement operators are projections on coherent states.
When the probe is initialized in a coherent state, such as
the minimum-energy state |0〉, we show that our scheme
can achieve RMSE
∆A′switch =
1√
νN2
√
x2 + p2
x2 + p2 + 1/N2
. (7)
The derivation of Eq. (7) can be found in Appendix A.
We now show that the error scaling 1/N2 cannot be
achieved if the unknown displacements are used in a def-
inite order. Specifically, we will show that every estima-
tion strategy with fixed order [see Figure 2 (ii)] will have
RMSE vanishing no faster than 1/N . Suppose that the
first displacement operation in the sequence is Dx1 . In
this case, every estimation scheme with fixed causal order
can also be used to estimate A in a less challenging sce-
nario, where all the displacements except x1 are known.
In this scenario, the RMSE of this estimation scheme
is simply ∆x1/|∂x1/∂A| = |p|∆x1/N , where ∆x1 is the
error in estimating x1 from the displacement operation
Dx1 . Similarly, if the first displacement operation is Dp1 ,
one obtains RMSE ∆p1/|∂p1/∂A| = |x|∆p1/N , where
∆p1 is the error in estimating p1 from the displacement
operation Dp1 . In general, the RMSE for the estimation
of A in any fixed causal order is lower bounded as
∆Afixed ≥ minj |cj | ·∆zj
N
, (8)
where {zj} are the 2N displacements, and cj = p (x)
if zj is an x-displacement (a p-displacement). Since the
RMSE of estimating a displacement zj is lower bounded
by 1/
√
8νE with E being the initial energy of the probe,
Equation (8) yields the bound
∆Afixed ≥ min{|x|, |p|}√
8νEN
. (9)
A more formal derivation of the bound (9) is provided in
Appendix B.
The advantage of indefinite causal order can immedi-
ately be identified when comparing the RMSEs (7) and
(9). Using a quantum SWITCH, the error in estimat-
ing A vanishes quadratically in N instead of linearly.
In terms of the phase φ = N2A mod 2pi, the quantum
SWITCH offers the RMSE scaling 1/
√
ν with the num-
ber of repetitions of the experiment, while every scheme
with definite causal order has RMSE scaling at best as
N/
√
ν in the ν  N regime. In Figure 3 we compare the
RMSE (7) with the lower bound (9) for various values of
N and E.
4FIG. 3. Definite vs indefinite order in the non-
asymptotic regime. The RMSE achievable with the quan-
tum SWITCH is plotted against the lower bound to the
RMSE for every estimation scheme with definite causal or-
der. The four plots correspond to the parameter values
|x| = |p| = z > 0, ν = 10, and (a) E = 0.5, N = 5; (b)
E = 1, N = 5; (c) E = 0.5, N = 15; (d) E = 1, N = 15. The
y-axis shows the RMSE ∆A in units of 2pi/N2. The solid red
lines show the RMSE ∆A′switch, achievable by measuring the
probe and the control [Eq. (7)]. The dashed lines show the
RMSE ∆Aswitch, achievable by measuring the control alone
[Eq. (6)]. The blue lines show the lower bound of the RMSE
∆Afixed [Eq. (9)].
Our protocol suggests a way to test modifications of
the canonical commutation relations, such as those en-
visaged in certain theories of quantum gravity [29–32].
For example, Ref. [32] argues that the commutation rela-
tion should be replaced by [X,P ] = i
(
I + β P 2
)
, where
β  1 is a suitable coefficient. Using the quantum
SWITCH setup one can in principle create the super-
position
|Ψ〉 = (I ⊗DpDx) (|0〉 ⊗ |ψ〉+ |1〉 ⊗ U |ψ〉)√
2
(10)
where U is the unitary operator
U = D−xD−pDxDp
= e−ixpe−iβx(pP
2+p2P+ 13p
3) +O(β2) . (11)
Choosing the state |ψ〉 to be close to an eigenstate of
the momentum operator, we then obtain the state |Ψ〉 ≈
DxDp|ψ〉 ⊗ (|0〉 + e−ixp[1+(7/3)βp2]|1〉)/
√
2. If the size of
the displacements grows linearly, namely x = Nx and
p = Np for two fixed values x and p, then the constant β
can be measured with RMSE scaling as 1/N4. In other
words, our scheme offers a favourable scaling with the
size of the displacements.
Other theories of quantum gravity [30] exhibit non-
commutativity of the position operators associated to dif-
ferent Cartesian coordinates. For example, the position
operatorsX and Y can become conjugate variables, satis-
fying the canonical commutation relation [X,Y ] = icxyI
where cxy is a small constant. Therefore, in this sce-
nario protocol could in principle offer a way to mea-
sure the constant and to discover small amounts of non-
commutativity of the two coordinates X and Y .
These potential applications motivate the search for
experimental implementations of our setup. For dis-
crete variables, the quantum SWITCH can be repro-
duced on photonic systems using superpositions of paths
[12, 13, 15]. For continuous variables, Ref. [33] suggests
that a quantum SWITCH could be implemented in new
experiments with Gaussian quantum optics. However, no
photonic realization of the continuous-variable quantum
SWITCH has been proposed to date. In alternative, we
suggest that the continuous-variable quantum SWITCH
could be implemented with massive particles with a
continuous-variable internal degree of freedom, using the
path of the particle to control the order of different dis-
placement operations. For example, the internal degrees
of freedom could be the vibrational modes of a molecule
or the internal states of a Bose-Einstein condensate. A
further alternative is to reproduce our setup in ion trap
systems, where the spin and the axial mode of motion of
an ion can be coupled together in a way that implements
the control-unitary gates Uj = |0〉〈0|⊗Dxj + |1〉〈1|⊗D†xj
and Vj = |0〉〈0| ⊗ D†xj + |1〉〈1| ⊗ Dxj [34, 35]. In this
scenario, the quantum SWITCH can be simulated by
first applying the all gates Uj (with j running from 1
to n), then all the displacements Dpj , and finally all
the gates Vj . Overall, this sequence of gates results in
the gate (|0〉〈0| + e2N2Ai|1〉〈1|) ⊗ D†NxDNpDNx, from
which the parameter A can be estimated with RMSE
∆A = 1/(2
√
νN2).
In summary, we showed the quantum metrology
schemes using indefinite causal orders can sometime out-
perform the standard schemes where quantum processes
are probed in a definite order. Specifically, we showed
that every estimation scheme that probes N pairs of
displacements in a definite order has error vanishing no
faster than 1/N for the estimation of the product of the
average displacements. Instead, we showed that an esti-
mation scheme using the quantum SWITCH achieves the
enhanced scaling 1/N2. Our result opens up a new area
of research on the study of quantum metrology schemes
powered by indefinite causal order.
Note: After the completion of our work we found a re-
cent study on an advantage of the quantum SWITCH in
quantum thermometry [36]. In this problem, the authors
show an increase of the quantum Fisher information by
a constant factor.
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Appendix A: Proof of Eq. (7)
The quantum SWITCH generates the unitary gate W = |0〉〈0| ⊗ DNpDNx + |1〉〈1| ⊗ DNxDNp. When the state
|+〉 ⊗ |ψ〉 is input to this gate, the output state is
|ψAout〉 =
|0〉+ eiN2A|1〉√
2
⊗DNpDNx|ψ〉. (A1)
Suppose that the state |ψ〉 is the minimum-energy state |0〉 and that, after the gate W has acted, the control undergoes
a measurement on the basis {|+〉, |−〉}, while the probe undergoes a measurement with operators Pβ := 1pi |β〉〈β|,
6where |β〉 is the coherent state |β〉 := eβa†−β∗a|0〉 , β ∈ C and the measurement satisfies the normalization condition∫
d2β P (β) = I. The joint probability distribution of the outcomes (±, β) has density
p(±, β|A) = 〈ψAout| (|±〉〈±| ⊗ Pβ) |ψAout〉
=
1
2pi
[
1± cos(N2A)] e−∣∣∣ N√2 (x+ip)−β∣∣∣2 . (A2)
The outcomes (±, β) are then used to estimate the parameter A, using the maximum likelihood estimator. The
precision of the estimate is constrained by the Crame´r-Rao bound, expressed in terms of the Fisher information matrix
F , computed by taking A and x as independent parameters (when this is done, the parameter p can be expressed as
p = A/x). The entries of the Fisher information matrix are
Fj,k =
∑
±
∫
d2β
∂j p(±, β|A) ∂k p(±, β|A)
p(±, β|A) , (A3)
where j and k take values 1 or 2, and the partial derivatives are defined as ∂1 := ∂/∂A, ∂2 := ∂/∂x. Explicitly, the
derivatives can be written as follows
∂1 p(±, β|A) = p(±, β|A)
{
∓N2 sin (N2A)
1± cos (N2A) +
iN√
2x
(
i
√
2Np+ β∗ − β
)}
(A4)
∂2 p(±, β|A) = −p(±, β|A) N√
2
{√
2Nx−
√
2
p2
x
N −
(
1− i A
x2
)
β∗ −
(
1 + i
A
x2
)
β
}
, (A5)
and the Fisher information matrix has the expression
F =
[
N4 + N
2
x2
−N2p
x2
−N2p
x2
N2 + N
2p2
x2
]
. (A6)
Now, the Crame´r-Rao bound reads
∆A ≥
√
(F−1)1,1
ν
=
1√
ν N2
√
x2 + p2
x2 + p2 + 1/N2
, (A7)
where ν is the total number of repetitions of the experiment. In the asymptotic limit ν →∞, the MLE is known to
achieve the bound (see, for instance, Ref. [37, Page 63]). Since we adopted the MLE in our estimation strategy, this
proves Equation (7) in the main text.
Appendix B: Proof of Eq. (9)
For an estimation scheme with fixed order, we denote by ~z := (z1, . . . , z2N ) the permutation of the vector
(x1, . . . , xN , p1, . . . , pN ) corresponding to the order in which the displacements are queried. The most general es-
timation scheme with fixed order is specified by a quantum circuit, consisting of the preparation of the probe and an
auxiliary system in a joint input state |ψ〉, followed by the execution of the unknown displacementsDz1 , Dz2 , . . . , Dz2N ,
interspersed by a sequence of fixed unitary gates V1, V 2, . . . , V2N , as illustrated in Figure 2(ii) of the main text. The
overall output state is
|ψ~z〉 :=
2N∏
l=1
Vl(Dzl ⊗ Iaux)|ψ〉 , (B1)
where Iaux is the identity on the auxiliary system.
Now, suppose that all the displacements except z1 are fixed and known to the experimenter. Then, the vector ~z
can be replaced by the vector ~zA := (A, z2, . . . , z2N ) in the parametrization of the output state, which can be denoted
as |ψ~zA〉 = U~zA |ψ〉 for a suitable unitary gate U~zA . In this parametrization, the quantum Crame´r-Rao bound [22–24]
implies that the RMSE of any unbiased estimator is lower bounded by
∆Afixed ≥ 1√
νFQA
(B2)
7where ν is the number of repetitions of the experiment and FQA is the (symmetric logarithmic derivative) quantum
Fisher information, given by
FQA = 4
(〈ψ|G2A|ψ〉 − 〈ψ|GA|ψ〉2) , (B3)
where GA := i(∂U~zA/∂A)U
†
~zA
is the generator of U~zA . Explicitly, we have
GA =
N
c1
·Gz1 (B4)
where Gz1 := i(∂Dz1/∂z1)D
†
z1 denotes the generator of z1, which is either X ⊗ Iaux or P ⊗ Iaux, depending on which
type of displacement z1 is, and c1 is either x or p, depending on which type of displacement z1 is.
Substituting into Eq. (B3), the quantum Fisher information for the parameter A is then
FQA =
(
N
c1
)2
FQz1 F
Q
z1 := 4
(〈ψ|G2z1 |ψ〉 − 〈ψ|Gz1 |ψ〉2) (B5)
where FQz1 is the quantum Fisher information of the state Dz1 |ψ〉 with respect to the parameter z1. Since Gz1 is equal
to either X ⊗ Iaux or P ⊗ Iaux, one has the bound
FQz1 ≤ 4 〈ψ|G2z1 |ψ〉
≤ 4 〈ψ| (X2 + P 2)⊗ Iaux |ψ〉
= 8E , (B6)
where E = Tr
[
X2+P 2
2 ρ
]
is the average energy of the probe state ρ := Traux[|ψ〉〈ψ|], Traux denoting the partial trace
over the auxiliary system.
Inserting Equations (B5) and (B6) into the quantum Crame´r-Rao bound, we get the bound
∆Afixed ≥ |c1|
N
· 1√
νFQz1
≥ |c1|
N
· 1√
8νE
≥ min{|x|, |p|}
N
√
8νE
. (B7)
The above bound proves Equation (9) of the main text. We remark that the bound (B7) is not tight, since in general
the fact that the displacements z2, . . . , z2N are unknown increases the error in the estimation of A. Nevertheless, the
scaling 1/(N
√
νE) is achievable by separately estimating the average displacements x and p, as discussed in the main
text.
